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Abstract: Theoretically, the analysis of a four-dimensional variational (4DVar) data 

assimilation system has better balance as the forecast model is its constraint. In fact, 

there exist many procedures leading to high-frequency gravity wave in the 

implementation. Thus, the initialization process is still necessary for 4DVar. In this 
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paper the scientific design̆ formulation derivation and experiments of the new 

initialization scheme of GRAPEŜGlobal and Regional Assimilation Prediction 

System̃ numerical weather prediction system are presented. The four-dimensional 

variational data assimilation system of GRAPES (hereafter named GRAPES-4DVar) 

adopts the digital filter scheme as initialization. The digital filter is added into the 

penalty function as a weak constrain term in order to diminish the unbalance structure 

associated with gravity-inertia wave efficiently. The constraint is only imposed on the 

incremental analysis and synchronizes running with the minimization. The weak 

constrain term does not add the extra computation cost for the integrated time of 

digital filter is same as to the 4DVarôs time window. Furthermore, the new 

initialization scheme is suitable for long time window assimilation, and will not 

weaken the slow wave process with the extending of the time window. It is easy to 

control the smooth of model trajectory by tuning digital filter coefficient in the 

variational assimilation procedure. Results of GRAPES-4DVar assimilation cycling 

experiments show that the initialization is needed in a 4DVar analysis, the analysis 

and forecast skill have been improved significantly in the experiments with 

initialization than those without initialization. Compared to the old initialization 

scheme in which the analysis and filter are two independent procedures, the new 

scheme saves the running time of assimilation cycling system efficiently. ălthough its 

impact on analysis and forecast is similar to that of the old one.       

Key words:  Initialization, Digital filter, Four-dimensional variation assimilation̆  
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1ȁ  

ȍ ӈȎ ֟ ṿ ∆ Ҍֽ̆ ҍ Ḥ

ᶫ ᾟ№ ̆ ױ ῏ ΐ ꜚⱬ ̆

‰ ῏ Ȃ Ҍ ̆ ҍ

Ḥ ⌠ № № Ҭ ᴪ֟ ΐ ױ

ῐ ľ Ŀ̆ ֓ ̆

№ Ȃҹԅ ֓ľ Ŀ̆ № Ạ∆

̆ ף ѿҩ ̆ ∆ ̂Daley, 1997; Peter Lynch and 

Xiangyu Huang, 2010̃ Ȃ∆ ∆ ̆ └ №

Ҭ ⱬ Ȃ 

ȍ╠ֲ Ȏ ∆ Ҭ ѿҩ ̆ ҍ׆

⌠῏ԍ № ̂ № ̃ №≢ Ȃ

ף № ҍ ̆ ≢ № Ҭ̆

ᵬҹ ѿҩ ᴆ̆ ֟ № ΐ

̂Courtier , 1994; Rabier , 2005; Rawlins , 2007̃Ȃ׆ ҉ ̆

№ Ҭҍѿ ̂ ҩ ̃

̆ ’Ҋ̆ ҌῬ Ȃᵖ
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ץ̆ № ᵬ∆ ᵬ₮ Ҍ ῃ ₮

Ȃ ҹ ṿ ᾛ ꜚ῍ ̆

№ Ҭ̆ ᴧ ᴪ ῀ ҍ ̆ ῤȁ

ȁ ṿҍ ̂Courtier , 1994̃ Ȃ ̆ Ḃ

ԍ № ̆∆ ⱬ └ᶭ Ȃ 

ⱬ └ ץ ∆ṿҬ ⱬ № ̆p Ҍ ∆ṿ

ᵬ № ῒҬ ⱬ № Ạ ̆ ҍ

ᵬ ̆ ∆ ̂Williamson and 

Temperton, 1981; Temperton, 1988; Temperton, 1989; .Ballish , 1992̃ Ȃ

∆ ᵬ № ҉̆ Ҍֽ̆

̆ ғ ’Ҋ̆ Ȃ ѿ ∆

№ ↓ᵬ ̆ ῒҬ № Ḡ ᵞ №̆

∆ ┴ ᵞ № ᵬҹ ∆ṿ̆ ∆

̂Lynch P. and X. Y. Huang, 1992̕Digital Filter Initialization, DFI Ȃ̃ ꜚ

ⱬ ᶭ ҍ ̆ᵖ ̆ Ȃ  

ȍ ℗῀ Ȏ ⌠ ᵬ∆ ץ̆ ᴨ

ĞRAPESҙⱵ҈ № ҹ∆ ̂ 2̆008̕

̆2012̃Ȃ ҉̆ ⱬ └ № ₱ᴇף Ҭ ⱴ

ⱬ ̆ ∆ ҹ № ѿ №̆p ԍ҈

№ Ҍ №̆ ∆ ↕ № ֟

↓ ̆ ╠ ∆ ┴ ̆ ↕ ԍ

↓ Ҍ ҈̆ №№ ҍ ∆

҉ Ҍ֜ ̆ ̆ɰ ץ ҈ №№ ҍ∆ ᵬҹңҩ

Ȃ GRAPES ̆GRAPES҈ №№ ̂3DVar̃

№№ ̂4DVar̃ Ȃ4DVarף ץ № № ̆

ғᶏ ѿ ҉ ᶭ ̆ ΐ Ȃ №

῀ ᵬҹѿ ̆ ╠ ̆ Ҭҍ ҩ

̆ ᾣ ⌠ҍ

̆ ∆ ҍ 4DVar ԑ Ȃ ∆ Ҍ Ῥ
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ᵬҹѿҩ № ӊ ↓ Ȃ ᶏ ױ

ѿҩ 4DVarҍ ∆ Ȃ 

ȍ ‗ ῏ Ȏ4DVarҍ DFI ץ ң ῒ̆ѿ

⌠ ᾣ ᵬҹ 4DVar ᴆ̆ῒԋ ᵬҹ 4DVar

̂Gauthier and Thepaut, 2001; Polavarapu et al., 2000; Wee and Kuo, 2004̃Ȃ

╠ѿ ’Ҋ 4̆DVar ѿҩ∆ ̆ ҍ ῤ

ᵣ҉ Ȃ ѿ ’Ҋ 4̆DVar ҍ ץ

ᾣ ᵣ Ȃ ҉ѿ֓Һ ҙⱵҬ Ạ

̂Gauthier and Thepaut, 2001; Polavarapu et al., 2000̃̆ ױ ԅ Ȃ 

₮ ѿ ∆ ҍ Ȃῃ ԓ ̆ ԋ

GRAPES-4DVar ∆ ̕ ҈ 4DVarҍ DFI

̕ № ̕ ԓ ҍ Ȃ 

 

2ȁ GRAPES-4DVar ҍ DFI  

2.1 GRAPES- 4DVar 

№ ᶏ Ҋ ₱ ⌠ ̔ 

1 1

0 0 0 0 0 0 0

0

1 1

2 2

I
T T

var i i ,i i i i ,i

i

J x B x ( d H M x ) R ( d H M x )d d d d- -

=

= + + +ä      ̂2. 1. 1̃ 

xd № ̆M ,H№≢ ҍ ℗ ̆B,R

№≢ ҍ ̆d ̆ ҉ T ῒ

̆ Ҋ ̂ Ҭ Ὲ ӈ ῏ ̆

̆2008̃Ȃ ῀ ԍ ᴆ ̔ 

0 Uux wd =RS                              ̂2. 1. 2̃ 

T TB= B UU PT

u uR R =RS S ӈ̂ 2̆008̃̆

ῒҬPҹ ̆ uɆ ҉ ̆Uҹ

ᴆ ̆wҹ ₱ └ Ȃ 

Ῥ ̔ 
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0 1 0

0 1 2 1 0 1

2 1 1i , .

,i i ,i i ,i ,

T T T T

, i ,i

M M M ......M

M M M ......M

- - -

-

=

=
                     ( 2. 1. 3)  

ӈ 

0 0 1 2 1 0 0 Ua

i i i ,i i i i ,i i ,i , ur d H M x d H M M .....M wd - - -= + = + RS   ̂2. 1. 4̃ 

⌠̔ 

1

0

1

2

I
T T

var i i i

i

J ( w w r R r )-

=

= +ä                        ( 2. 1. 5)  

1 0

1

T 1

0 0 0

1 1

1 1 1 2 1 2 2 2

1 1 1

3 2 3 3 3 4 3 1 2 1 1 1

U (

( (

( (......+ ( + ( ))......)

.

I .I

T T

w var u

T T T T

,

T T T T T T T

, , I ,I I I I I I I

J w H R r

M H R r M H R r

M H R r M M H R r M H R r
-

-

- -

- - -

- - - - -

Ð = + S R +

+ +

+

   ( 2. 1. 6)  

₮̂2. 1. 6̃ ̆ Ạԅ Ȃ ԍ ╠ ∆ṿᶭ

ⱬ Ẋ ̆ 0x ̆ 0x Ҭ ̆

ⱬ῏ ̆ 0x Ҭ Ȃ ץױ mx

̆↕ ̔ 

0 0

1

0 0

Um

u

m

x D x D w

x D x

d d

d d-

= = RS

=
                      ̂2. 1.7̃ 

D 0xd 0

mxd ̆D- 1 Ҍ Ҥ Ȃ №

ץ 0

mxd ҹ∆ṿ̆ ̂2. 1.4̃-̂2. 1.6̃ № № ̂2. 1.7̃

῀ DȂ 

0 0 1 2 1 0 0D Ua

i i i ,i i i i ,i i ,i , ur d H M x d H M M .....M wd - - -= + = + RS      ̂2.1.4 ̆̃ 

1 0

1

T T -T 1

0 0 0

-T 1 -T 1

1 1 1 2 1 2 2 2

-T 1 -T 1 -T 1

3 2 3 3 3 4 3 1 2 1 1 1

U D (D

(D (D

(D (......+ (D + (D ))......)

.

I .I

T T

w var u

T T T T

,

T T T T T T T

, , I ,I I I I I I I

J w H R r

M H R r M H R r

M H R r M M H R r M H R r
-

-

- -

- - -

- - - - -

Ð = + S R +

+ +

+
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M
F

i k k i

k M

x xa +

=-

=ä                           ̂2. 2. 1̃ 

҉ F ∆ ṿȂ kaҹ Ȃ῏ԍ ka ṿ̆ ԍ

῏ ̂Lynch and Huang, 2010̕ ̆20122̃̆ ҌῬ Ȃ 

ץ  ̔῀ף

0 0 1 2 1 0 1 0i ,i i ,i i ,i ,x ( x ) ...... x- - -= =M M M M                  ̂2. 2. 2̃ 

1k ,k-M ╠ҍץ̆ ℗ 1k ,kM - ≢Ȃ 

1 1 0 1 0

M M
F

i k k i k k i ,k ,

k M k M

x x ...... xa a+ + - +

=- =-

= =ä ä M M             ̂2. 2. 3̃ 

ץץ ⱴԍ 4DVar̆ , 4DVar

₱Ҭ ⱴ ⱬ └ ̔ 

1

2

F F

cJ ( x x ,x x )= - -                            ̂2. 2. 4̃ 

(*,*) ῤ ,Ӟ ӟ Ώ ̔ 

1

2

F T F

cJ ( x x ) Q( x x )= - -                       ̂2. 2. 5̃ 

Q ѿҩ Ȃ ̆ ѿ ѿҩ ┴

̂Gauthier and Thepaut, 2001̃̆ ױ ῒ Ҭ ┴Ȃ  

2 2 2 2

1

2

F F

c I I I IJ ( x x ,Q( x x ))= - -                      ̂2. 2. 6̃ 

ץ Ὲ  ̔῀ף

2 2

2 2 2 2 2 2 2 2

2 2

1 1

2 2

I / I /
F F

c I / I / I / I / I / k k I / I / k k I /

k I / k I /

J ( x x ,( x x )) (( x x ),( x x ))a a+ +

=- =-

= - - = - -ä ä

̂2. 2. 7̃ 

 

2

2 2 2

2

I /

I / k k I / I /

k I /

x x ba +

=-

- =ä                  ̂2. 2. 8̃ 

                                                             
2
 ̆↔ ̆ , . GRAPESῃ ҈ № № ,Ҭ ṿ

Ҭ ῤ Ύ,2012. 
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ԍ 

1 0 1 0i k i ,k i ,x ...... x+ - +=M M                     ̂2. 2. 9̃ 

Ὲ ҹ̔ 

1 0 1 0 1 0 1 0

M M
F

i k k i ,k i , k k i ,k i ,

k M k M

x ...... x ( ...... )xa a+ - + + - +

=- =-

= =ä äM M M M      ̂2. 2. 10̃  

҉῀ף ῏ԍ 2I /b ̔ 

2 2 1 0 1 0

0

I

I / k I / k ,k ,

k

b ...... xg- -

=

=ä M M                 ̂2. 2. 11̃  

 

2

2

2

2

1 2

k I /

k I /

k I /

,k I /

,k I /

a
g

a

-

-

-

- ¸ë
=ì
- =í

̆                           

 

2 1 0 1 0 2 1 0 1 0

0 0

2 2

1

2

1

2

I I
T

c k I / k ,k , k I / k ,k ,

k k

T

I / I /

J ( ...... x ) Q ( ...... x )

b Qb

g g- - - -

= =

=

=

ä äM M M M

       ̂2. 2. 12̃  

4DVarҬ cJ 0x Ȃ ѿҩ ̂

̃ ꜚ 0xd ֟ 2I /b ̂ ̃ҹ̔ 

2 2 2 1 0 1 0

0

I

I / I / k I / k ,k ,

k

b b M ......M xd g d- -

=

= =ä           ̂2. 2. 13̃  

cJ ѿ №̔ 

2 1 0 1 0 2

0

0 1 0 1 2 2

0

I
T

c k I / k ,k , I /

k

I
T T T

, k ,k k I / I /

k

J ( M ......M x ) Qb

x ( M ......M ) Qb )

d g d

d g

- -

=

- -

=

=

=

ä

ä
          ̂2. 2.14̃ 

 

0 1 0 1 0 1 2 2

0

I
T T T

x c , , k ,k k I / I /

k

J M M ......M Qbg- -

=

Ð =ä           ̂2. 2. 15̃ 

, 0xd ̆ ꜚ 0xd Ȃ
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̆ Ҭ ׂ ױ ̂2.1.7 ̃ Ҭ
0 0

mx , xd d ≢ ҹ̆ԅҍ ѿ ̆

̂2. 2. 13̃ ̂2. 2. 15̃ḱ ҹ̔ 

2 2 2 1 0 1 0

0

I

I / I / k I / k ,k ,

k

b b M ......M D xd g d- -

=

= =ä                 ̂2. 2. 13ļ̃ 

0 1 0 1 0 1 2 2

0

I
T T T T

x c , , k ,k k I / I /

k

J D M M ......M Qbg- -

=

Ð =ä                ̂2. 2. 15ļ̃ 

 

3ȁ 4DVarҍ DFI  

varJ ҍ cJ ⱴ ⌠ 4DVarҍ DFI ₱̔ 

v var c cJ J Jb b= +                          ̂3.1̃ 

v c,b b№≢ ̂ ̃ ҍ ⱬ └ Ȃ Ҭ

ױ ҹ 1ȂẊ Ҍ ̆ ԍ ̆↕

₱ᴇף Ҭ № ̆  

2 2

1

2

T

var I / I /J J b Qb= +                        ̂3. 2̃ 

 
2 2 1 0 1 0 2 1 0 1

0 0

D D U
I I

I / k I / k ,k , k I / k ,k , u

k k

b M ......M x M ......M wg d g- - - -

= =

= = RSä ä      ̂3. 3̃

 
╠ varJ └ ҍ CJ № №≢ҹ̂2.1.6 ̃ҍ

̂2.2.15 Ȃ̃ҹԅ ̆ ѿ̆ 0 Uux wd =RS ѿ

ҹ̔ 

T

2 1 0 1 2

0

D
I

T T T T

w c i I / , i ,i I /

i

J U P M ......M Qbg- -

=

Ð = S ä             ̂3.4̃ 

̂3.4̃ ҩ ̆ҌḂԍ ̆ 4DVar ↓ҹ  ̔

T T

-T 1

1 0 1 0 2 2

0

U D

D D U

T

w u

I
T T T

, i ,i i i i i ,i u i I / I /

i

J w

( M ......M ( H R ( d H M w) Qb ))g-

- -

=

Ð = + S R

+ RS +ä
      ̂3.5̃ 

₱῏ԍ └ ̔  



 

10 
 

1 0

1

T T -T 1

0 0 0 2 2

-T 1 -T 1

1 1 1 2 1 2 2 1 2 2 2 2 2 2 3 2

-T 1 -T 1

1 2 1 1 1 2 1 2 2 2

U D D

(D (D

(D + (D ))...

.

I .I

T T

w var w c u I / I /

T T T T T

I / I / , I / I / ,

T T T T

I ,I I I I I / I / I I I I / I /

J J w ( H R r Qb

M H R r Qb M H R r Qb M

(...... M H R r Qb M H R r Qb

g

g g

g g
-

-

-

- -

- + - +

- -

- - - - - -

Ð +Ð = + S R + +

+ + + +

+ + + ..

 

̂3.6̃ 

̂3.6̃ҍ 4DVar ̆ ᵄ № ̂ ̃ ⱴԅ

2 2i I / I /Qbg- Ȃ 

 

4ȁ Ҭ  

4.1 Ὺ  

ҍ 3DVarҌ 4̆DVar ѿ̆ ң №

№ Ȃ ӊ̆ № ᵀ № ̆ ᴨ ↕

ᵞ№ Ȃ╠ ҹ ̆ ҹῤ Ȃ῏ԍῤȁ ̆

GRAPES-4DVar ῏ Ҭ ̂ ̆2008̃̆ ҌῬ Ȃ

ccJ , JÐ Ạ ̆ ױ ῤ Ȃ 

№ Ὲ ̆ ῤ Ҭ ̔ 

0 0 0 0 0D b g b

uP Uw x x x S( x x )dS = - = + -             ̂4.1̃ 

0 0 0D U g b

ux S( x x )d = RS - -                     ̂4.2̃ 

̆ 0xd ῤ Ҭ ṿ ̆ ԍ

ṿῤ ⌠ᵞ№ ṿ Ȃ҉ ҹ ̆ ԅ

҉ mȂ℗ № ץ 0xd ҹ∆ṿ Ȃ  

2 2 2 1 0 1 0 0

0

2 1 0 1 2 1 0 1 0 0

0 0

D

D

I
g b

I / I / k I / k ,k , u

k

I I
g b

k I / k ,k , u k I / k ,k ,

k k

b b M ......M ( P Uw S( x x ))

M ......M P Uw M ......M S( x x )

d g

g g

- -

=

- - - -

= =

= = S + -

= S + -

ä

ä ä
̂4. 3̃ 

T

2 1 0 1 2

0

D
I

T T T T

w c k I / , k ,k I /

k

J U P M ......M Qbg- -

=

Ð = S ä                 ̂4. 4̃ 

╠ѿ ԋ 2 1 0 1 0 0

0

I
g b

k I / k ,k ,

k

M ......M S( x x )g- -

=

-ä ᴨ ̂ῤ ̃
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Ҭ Ҍ Ȃ ҉ ѿ Ẋ ṿӞ ↕̆ ѿ

ץ ̆ ῤ ̆ᵖҹԅ └ῤȁ №

̆ ѿ ԅѿ ∆ ̂Gauthier and 

Thepaut, 2001̃Ȃ 

Һ ̔1̃ № ̆ ⌠ ҩ ┴

̂ ̃ף ṿ ̂ῒ ץ̆̃ף ┴ ṿ ҍ g b

i ix x- ̕

2̃≠ ┴ ̂ ṿ ̃ ̕3̃

┴ ҍ ṿᵩ Ȃ 

ῤ ṿ ᴆҊ ᶏ ₱ ⌠ №

ᵌṿ̂ : № ̆ ῤ ṿ̆ᵖ

ῤ ℗ № ץ ῤ ṿ ꜚ ᵬҹ∆ṿ ̃̆

Һ ₱ ῒ ṿȂҹ ᾢ №℗

┴ҍw № ṿ̂ № ̃̆ ԍ ṿ

̆ ᵩ ̆ ₱ ̆Ῥ №ᵄ ̆

ѿ ⱴ҉ ⱬ └ ̆ ⌠ ┴̆ ⱴ҉ ┴

Ȃ № ₱ ̆Ạ ᴨ w ṿȂ ԍ

ҩ ҍ 4DVar ῃ ̆ ȁ №Ҭ ⱴԅ ⱬ └

̆ ∆ ⱴ ᴇף Ҍ Ȃ 

 

4.2 Ὺ  

̂2.2.4̃ҍ̂2.2.5̃ ₮ῤ (*,*) ҍ Q ΐᵣ ӈ̆ ױ ԅ

ҩ ⱬ └Ҭ ̆ ∆ Ҍ ̆ ץ

Ҍ ̆ ҩ ΐ ᵌ ᾣ ̆ ľ Ŀ

̂ Ehrendorfer et al. ̆ 1999̃ ,ῒ ӈҹ̔ 

2
2 2 2 2

2 2 2

1 1 1

2dom

g
( x, x ) ( u v p )cos z

A N c

r
d d rd rd dq d f l f

q r
= + + + D D Dä

%
% %

% % %%
  ̂4.2.1̃ 

Ҭʍҹ ̆gҹ ⱬⱴ  ̆ u, v, , pd d dq d№≢ ̆ ̆ᵝ
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g
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%
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%%                          ̂4.2.2̃  
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ѿ  
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1 1

2dom u v

u v
( x, x ) ( )cos z

A q p

d d dq dp
d d f l f

s s s s
= + + + D D Dä

     (4.2.3)  

2 2 2 2

u v, , ,q ps s s s№≢ u,v, ,q p̂ ̆ ̆ᵝ ̃

 ( Wee and Kuo, 2004)Ȃ 

╠ GRAPES-4DVarҬ Q ӈҹ Ȃ 
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’Ҋ̆ № Ạԅ ̆ └ԅ 4DVar № ̆

ԅ Ȃ 

 

  

1 Ҭ (1a) ̂1b̃ ȁ ץ

₱ᴇף Ȃ 

Fig. 1 Evolution of cost functions in the minimization for experiments (1a) without 

and (1b) with a digital filter constrain term. 

 

≠ 1 № ᶫ ᵬҹ∆ṿ №̆ ѿ ԅ ∆

∆ṿ Ȃ 2 ₮ ̂30£N̆124£Ẽ
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2 ̂30£N̆ 124£Ẽ ̆ ̂ ̃ ̂ ̃

∆ №  ̂ ᵝ̔hPãȂ 

Fig. 2 Variation of surface pressure with the time step in the grid point of 30£N, 124£

E for two forecasts. Black line means the forecast using the uninitialized analysis, and 

red line is the forecast after the digital filter weak constraint initialization. Unit is hPa. 
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3 ̂ã (b)∆ 2013  5 1 003UTC ѿ

№ ẁ № ( ᵝ̔hPa/10min) 

Fig. 3 Distribution of surface pressure tendency for experiment (3a) without and (3b) 

with a Jc initialization in the first integrated time step at 003 UTC, May 1
st
 , 2013. 
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(Unit: hPa/10min) 
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4 ∆ ∆ṿ 2013  5 1 003UTC 40

№ ῒ № Ȃ҉ ṿ ∆ ̆

∆ ̆Ҋ ң Ȃ 

Fig. 4 Distribution of zonal wind in the forty model level for two experiments at 003 

UTC, May 1
st
, 2013. Two experiments are same to fig.3. The contours is uninitialized, 

and the shaded area is initialized in fig4a. Fig. 4b is the difference of these two 

experiments. 
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5 Ҍ ⱬ └ ⌠ № ᵬҹ ∆ṿ № ⌠

ẁ ṿ ̆ ̆ ᵝ̔ ̕

ẁ Ȃ ⱬ └ 0.1̆ ⱬ └

1̆ ⱬ └ 10Ȃ 

Fig. 5  Evolution of the absolute value of surface pressure tendency as a function 

of integrated time with the analysis field of different gravity control coefficient. 

Black(0.1), red(1.0) and blue(10). 
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Fig. 6 Evolution of the absolute value of surface pressure tendency as a function of 
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model integrated time using different initial fields. Blue line is the initialized field in 

which the analysis and filter are two independent procedures, red line is the initialized 

field in which the analysis and initialization are coupled, black line is the uninitialized 

analysis field, and green line is the background. 
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DFIҍ 4DVar ∆ṿȂa:β ל ̕b: ̕c: ̕d: Ȃ 

Fig.7 Root mean square error of GRAPES (7a) geopertential height, (7b) temperature, 

(7c) zonal wind and (7d) meridional wind analysis compared to ERA_Interim 

reanalysis (GRAPES minus ERA-Interim). Blue curve is uninitiali zed; black curve is 

initialized in which the digital filter initialization and 4DVAR analysis are 

independent; red curves is initialized with a weak constraint digital filter.  
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